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UTA methods

Additive utility function model

v

A marginal utility function u; is associated to each criterion j
Marginal utility functions are monotonic

v

v

Marginal utility functions are normalized between 0 and 1, s.t.
uj(gj) =0 and uj(g) =1
A weight w; is associated to each criterion j, s.t. 3, w; =1

v

» Utility of an alternative a :

U(a) = Z w; - uj(aj)
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UTA methods

Additive utility function model

v

A marginal utility function u; is associated to each criterion j

» Marginal utility functions are monotonic

» Marginal utility functions are normalized between 0 and 1, s.t.
uj(gj) =0 and u;(gj) =1

» A weight w; is associated to each criterion j, s.t. Zj wj =1
uj

» We also have :
u-;,k(a) =w;- Uj(aj) and U;-k(g_:j) = w;

» Utility of an alternative a :
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UTA : Presentation

v

Not easy to elicit directly the marginal utility functions

» Disaggregation procedure proposed by
[Jacquet-Lagréze and Siskos, 1982]

v

Utility functions are computed on basis of a ranking given in input

v

Linear programming
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UTA methods

UTA - Constraints |

» Two type of information (pairwise comparison) :
1. ais preferred to b, i.e. U(a) > U(b) = (a,b) € P
2. ais indifferent to b, i.e. U(a) = U(b) = (a,b) €T
» A potential error is introduced for each alternative utility U(a), s.t.
U'(a)=U(a)+ 0" (a) —o (a)
» Constraints of the linear program :

U(a) — U(b) + 0" (a) — o (a)
a*(b) o (b) > 0 Y(a, b) € P,
U(a) — U(b) + o1 (a) — o (a)
—oT(b)+o7(b) = 0 V(a,b) €Z
ZJ (gj) = 1
ZJ” ( J) = 07
ot(a),oc(a) > 0 Va e A%,
{ uj* monotonic VjeN.
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UTA - Constraints Il

» Monotonicity is ensured by using piecewise linear functions for the
marginal utility functions

ut
J
Ty — » Domain of the criterion split in k equal
i R a parts
[Ty EEEELEETEY) H H . -
u](a;? _______ : » Position of the g/, for I =0, ..., k fixed a
wl b S priori (equidistant)
b i,

Y g% g

» Marginal utility value of an alternative a :

L—-1
* xL—1 i — & *L *L—1
ui(a) =u " + <gL_;L1> (”f Y )
j j

with gjL the first breakpoint s.t. a; < gJ-L
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UTA methods

UTADIS

v

Sorting problems
» Comparison of alternatives to thresholds delimiting the categories

» Disaggregation though linear programming

v

Similar approach as for UTA : utility functions are modelled through
piecewise linear functions
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Motivations for UTA-poly and UTADIS-poly |

Drawbacks of UTA methods

» Marginal utility functions are not natural close to the breakpoints of
the piecewise linear functions

» Breakpoints at pre-defined position : limit the flexibility of the model

Existing works

> Bugera, V., Konno, H., and Uryasev, S. (2002). Credit cards scoring with
quadratic utility functions.
Journal of Multi-Criteria Decision Analysis, 11(4-5):197-211

> Stowinski, R., Greco, S., and Mousseau, V. (2005). Multi-criteria ranking of
a finite set of alternatives using ordinal regression and additive utility
functions - a new UTA-GMS method.
In Practical Approaches to Multi-Objective Optimization
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Motivations for UTA-poly and UTADIS-pol

Motivations for UTA-poly and UTADIS-poly 11
UTA-poly and UTADIS-poly

» We propose to replace piecewise linear functions by polynomial ones
by using semi-definite programming (SDP)

» Degree of the polynomial chosen a priori

* Uﬁ
1 N
2 w;
Wit j
Wl
] I
u (a]v -------
j 12 ui(aj)

aj — 1 * _ 2 D
uj (a) = uf (] )+ (ngj> (42 = ") U (a) = potpr-ajt+pz-3j+... P03
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UTA-poly and UTADIS-pol

Semi-Definite Programming (SDP) |

Theorem
A polynomial F(z), with z € R" is nonnegative if it is possible to
decompose it as a sum of squares (SOS) :

F(z)=> f2(z)  with fi(z) €R".

Not every non-negative polynomial is a Sum Of Squares (SOS), but :

Theorem
(Hilbert) A non-negative polynomial in one variable is always a SOS.
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UTA-poly and UTADIS-pol

Semi-Definite Programming (SDP) I

» Consider the following polynomial of degree D :
D

p(x) = po + prx + pax* + .+ ppx® =) pix.
i=0

p(x) non-negative <= it can be decomposed as a SOS.

> Letd = [%]' b;r = [b.g?b:sla ) bg] and 7T = [1’X7 ""Xd]’ the
polynomial reads :

d
FOEDIHOEDY [; b;xj] =3 (b1%)°

S

- Z?Tbsbk =x' [Z bsbsT] X =X'Qx
S

s
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Semi-Definite Programming (SDP) Il

p(x) = po + pix + pax® + ... + ppxP

-
1 Goo do1 Qo2 ' Qod 1
X a0 d11 qi2 - did X
T oA 2
=x"Qx = | x R0 Q1 G2 - GQd| | X
d d
X ddo 49d1 4dd2 - qd.d X

> po, P1,. .-, Ppp are obtained by summing the off-diagonal entries of Q :

(Po = 40,0,
p1=4d10+ qo1,
P2 =q20+q11+ qo2,

P2d—1 = qd,d—1 + 9d—1,ds
P2d = qQd,d,if D is odd, we have pg = 0.
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UTA-poly and UTADIS-pol

UTA-poly and UTADIS-poly

» Marginal utility functions defined as polynomials of degree D :

D .
ui () =Y pji- -
=0

» To ensure monotonicity of the function, uj’-"/(aj) has to be nonnegative.
= uf/ should be a SOS :

au}k _ 2 3 2 D D—-1
93, Pji1+2pj2-aj+3pj3-a; + ...+ Upjn-a;
9 1
= — |3aj a
83_,' |: J Q 'Ijl

» Using a SDP solver, we impose @ to be semidefinite positive.
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UTA-poly and UTADIS-pol

UTA-poly - Example |

Xy
1
a ~=a »>a
6 8
a 7 5

» We define uj(x) and u3(y) as second degree polynomials :
ui(X) = px,0 + Px,1 - X + Px2 X2,
u3(¥) = Pyo+ Pya-y +py2y?
» Utilities of a', a® and a3 are given by :
U(a") = puo + 10px1 + 100pc2 + py0 + 7py 1 +49py 2,

U(a®) = px0 + 6px1 + 36px2 + Py.0 + 8py.1 + 64py 2,
U(33) = px,0 + 7px,1 +49px 2 + py.o + 5py,1 + 25py 2.
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UTA-poly and UTADIS-pol

UTA-poly - Example Il
» We have a' = a? and a® = a3, which implies :

{ U(at) — U(a®) + ot (al) —o(al) — ot (a®) + o= (a%) > 0,
U(a®) — U(a) + ot (a%) —o(a%) —oT(al) + o= (a') > O.

» By replacing U(a?), U(a?) and U(a%), we have :

4py1 + 64pco — py1 — 15py 2 + 07 (al) — o7 (ah)
ot () +o(2) > 0,

—Px1 = 13px2 + 3py,1 +39py2 + 0F (&) — 07 (%)
ot () 4o (3®) > 0
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UTA-poly and UTADIS-pol

UTA-poly - Example Il

» We impose the derivate of uj and u3 to be SOS :

auf T A—
ox X Qx
-
— 1 dx,0,0 dx,0,1 1
X ax,1,0 dx1,1 X
= qo,0 + (go,1 + qo1) x + CI1,1X27
duy T
=Vv' Ry
dy y Ry

= oo+ (o1 +ro)y+ iy’

» Q@ and R have to be semi-definite positive, in conjunction with :

Px1 = qo1+q10; and Pyl1 =r1+npo,
2pc2 = qi1, 2py2 =r11.
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UTA-poly and UTADIS-pol

UTA-poly - Example IV

» We add normalization constraints :

Px0 = 0,
Pyo = 07
10px 1 + 100px 2 + 10p, 1 + 100p, » = 1.
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UTA-poly and UTADIS-pol

UTA-poly - Example V

> Finally, we obtain the following program :

mino " (a')+ 0 (a") + 07 (a%) + o (a°) + o (%) + o (a%).

such that :
4py1 + 64pe2 — py1 — 15p, 2 + ot (at) — o (a')
—ot(@®)+o07 (%) > O,
—px1 — 13px2 +3py1 +39p,2 + 07 (a%) — o7 (a%)
—ot(@®)+o07 (%) > 0,
Px,0 = 07
Py,O = 07
10p«,1 + 100p«,2 + 10p,,1 +100p, > = 1,
Px1 = do,1+ gi0,
2px2 = qi1,
Pyi = ro,1+ no,
2py2 = npu,
with :
QR > 0
{ of(at), o (a"),07(a%),07(a*),0%(a%),07(a®), > O
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Experiments

Illustrative example (UTADIS-poly) |

» Evaluation of accommodations for holidays on 3 criteria :

distance and size.

> 10 categories (from good to bad)

price,

» Consider the following true marginal utility functions

price

0.4 B

0.2 B

uj(z5)

0.0, | | L]

300 400 500 600
euro

0.4

0.2

0.0

distance

500

1,000 1,500
km

» 200 examples given as input to UTADIS-poly

0.2 f

0.1 f

0.0, | ]
—1,500—1,000 —500

m2
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Experiments

Illustrative example (UTADIS-poly) II

price distance
0.4 - i
£ o2} 1
s
00 1 1 1 1 1 1 1 1 1 ! ! L i
300 350 400 450 500 550 600 400 600 800 1,000 1,200 1,400 1,600
euro km
size
T
0.2 |- i
—real ---D=3 - D=6 ---D=12
E o1} 1
s
00 . . . . o i
—1,600 —1,400 —1,200 —1,000 —800 —600  —400
2

m’
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Experiments

Computing time

time (seconds)

time (seconds)

30

20

10

30

20

10

University of Mons

(a) UTA-polynomial

40

(b) UTA-polynomial

T
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Experiments

Learning a UTA-poly model from a ranking

obtained with UTA

Spearman distance

Kendall Tau

0.99

0.98

g n=sp=3
091 —a—n=5D=7 |
. o m=10D=3

—A—m=100;D =7
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—O—m=100;n=5

—A—m = 100in = 10

SO m =200in =5
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50 100 007 4 6 8 10 097 4 6
number of alternatives number of criteria degree of polynomials
1 095 o
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0.7~
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I T
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Learning a UTADIS-poly model from assignment
examples obtained with UTADIS

(b)
= 1F T
2 -
g 0.95 | i
g 09]
8 0.9 1
F 08} o m-100p=2D=3
< N —A—m =100;p=2D =7
E O - m=1l0p=2D=3 O‘Ssiaﬁkw\:ZOD‘;:ZD:S B
% 0.7k r‘»:svpzs;zﬂ:a‘ | 08 ‘m:loo“p:&DfS ‘
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& ! ' T
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3
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Conclusion

» More natural marginal utility functions
» Do not increase computing time

» Some marginal utility functions are difficult to model (step)
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Conclusion

Thank you for your attention!
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